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FAKE QUADRICS 


BENJAMIN LINOWITZ, MATTHEW STOVER, AND JOHN VOIGHT 


Abstract. A fake quadric is a smooth projective surface that has the same rational co¬ 
homology as a smooth quadric surface but is not biholomorphic to one. We provide an 
explicit classification of all irreducible fake quadrics according to the commensurability 
class of their fundamental group. To accomplish this task, we develop a number of new 
techniques that explicitly bound the arithmetic invariants of a fake quadric and more gen¬ 
erally of an arithmetic manifold of bounded volume arising from a form of SL2 over a 
number field. 

Introduction. Mumford asked in the early 1980s whether surfaces with geometric genus 
Pg = 0 can be enumerated by computer. A major step toward answering this in the 
affirmative was the classification of fake projective planes, smooth projective surfaces 
with the same rational cohomology as but not biholomorphic to it, by Prasad-Yeung 
IIMI and Cartwright-Steger IIT2ll . Another important family of surfaces with = 0 are 
fake quadrics, which are smooth projective surfaces with the same rational cohomology 
as, but not biholomorphic to, the quadric surface Pj. x P^. 

The reducible take quadrics, those finitely covered by a direct product of smooth pro¬ 
jective curves, were classified by Bauer-Catanese-Grunewald |3, and these fall into 18 
families [Si. A fake quadric unitormized by the product Ti = x of two hyperbolic 
planes that is not reducible is called irreducible; irreducible fake quadrics are necessarily 
arithmetic (see © and thus are finite covers of quaternionic Shimura surfaces. Examples of 
irreducible fake quadrics are known ll35ll36llT7i . and the contribution of this paper, anal¬ 
ogous to the work of Prasad-Yeung [31]], is to classify the maximal irreducible lattices in 
the holomorphic isometry group Isom^('H) of H that contain the fundamental group of a 
fake quadric. 

The broad strategy of our classification is to enumerate maximal arithmetic lattices of 
bounded covolume, which has been employed to solve a number of similar problems. 
However, the tools used in other contexts are thoroughly insufficient for enumerating 
fake quadrics. This paper introduces several new techniques that bring this problem into 
practical range. Our methods are relevant for studying arbitrary forms of SL 2 over num¬ 
ber fields, where volume estimates for arithmetic lattices are often most subtle, and we 
present them in this generality 

Another important feature of this paper that does not appear in previous work on arith¬ 
metic take quadrics and their generalizations is that we study all maximal lattices that can 
contain the fundamental group of a take quadric. Previous papers only consider lattices 
in PGL^(M) X PGL^(M), which has index 2 in Isom^('H); the quotient is generated by the 
swap map, the holomorphic isometry that exchanges the two factors of "H. In particular, 
there are torsion-free lattices P in Isom^('H) not contained in PGL^(M) x PGL^(M). We 
define the stable subgroup Tgt of a lattice T < Isom^('H) to be the subgroup of elements 
that preserve the factors of "H. As described below, the proof of our main results then fol¬ 
lows from classifying the stable lattices of covolume equal to twice the volume of a fake 
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quadric. Due to the nature of the analytic bounds that one employs in this situation, the 
extra factor of 2 turns out to be quite significant. It is of both geometric and arithmetic 
interest when the stable subgroup Tst of a lattice T < Isom('H) is a proper subgroup, and 
we give a complete characterization in Theorem 12.31 For example, we show that Tgt = F 
when Aut(fc) is trivial, where k is the trace field of T. 

The main result of this paper is the following theorem. 

Main Theorem. Let X = r\'H be an irreducible fake quadric. Then T is a subgroup of one of the 
maximal arithmetic lattices in Isom^('H) enumerated in the Appendix. 

Briefly, the Main Theorem is proven as follows. Equip with the usual metric of con¬ 
stant curvature —1 and TL with the product metric. By the Chem-Gauss-Boimet theorem, 
any fake quadric X uniformized by TL has volume vol(X) = in the induced metric. 
Conversely, every irreducible torsion-free lattice in Isom^(?f) of covolume acting by 
holomorphic isometries necessarily determines a fake quadric. We then classify all max¬ 
imal irreducible lattices in Isom^('H) that can possibly contain a torsion-free subgroup 
of covolume IGvr^. The entries in the Appendix are indexed by commensurability class, 
so the torsion-free subgroups of the lattices in the Appendix with the appropriate index 
describe all irreducible fake quadrics. In a sequel, analogous to the work of Cartwright- 
Steger IIT^ . we will explicitly present the fundamental groups of fake quadrics that occur 
in each such commensurability class and study the geometry and topology of the quo¬ 
tients in more detail. 

Previous papers studying covolume for forms of SL 2 rely heavily on the classic pa¬ 
per of Chinburg-Friedman |[T4l on the smallest volume arithmetic hyperbolic 3-orbifold. 
Their methods are based upon finding an upper bound for the degree over Q of the field 
of definition for the arithmetic group, deducing upper bounds for the order of a certain 
class group, and then reducing the classification to a finite calculation. In this paper, 
crucially we present a two-pronged variant of the Chinburg-Friedman method (Theo¬ 
rem 13.41) where one bound is preferable for fields of large degree, the other preferable in 
small degree but potentially large class number (the main technical obstruction found in 
previous work). This is still not sufficient to complete the classification, and our second 
method is the Fuchsian gambit (Proposition 13.9|) , which exploits the geometry of a closely 
related Shimura curve and the classical expression for its signature to bound the order of 
a certain class group. 

Relation with previous work. The basic strategy of this paper was used for classifica¬ 
tion purposes in several other important contexts. Most notably, Chinburg-Friedman 
I1T4I determined the arithmetic hyperbolic 3-orbifold with smallest volume, Chinburg- 
Friedman-Jones-Reid [[T^ found the arithmetic hyperbolic 3-manifold of minimal vol¬ 
ume, and Prasad-Yeung 11311 and Cartwright-Steger Ifl^ classified fake projective planes 
with this circle of ideas. Prasad-Yeung also considered higher-dimensional fake spaces 
||3^[33| . Belolipetsky 0| and Belolipetsky-Emery |[6| also studied higher-dimensional hy¬ 
perbolic orbifolds and manifolds; see also the recent survey by Belolipetsky |13] and the 
references therein. 

Independently, Dzambic IITTI obtained bounds on the degree of a totally real field k 
giving rise to an irreducible fake quadric under the additional hypothesis that the funda¬ 
mental group is stable in the sense described above. Unfortunately, even when restricting 
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to stable groups, our lists do not agree (Remark 14.161) . While these two papers share the 
same general outline, the scope and strategy of the calculations are quite different. 


Contents. In 21 we describe some basic results on the geometry of fake quadrics and 
define the basic number theoretic objects used throughout this paper. In 21 we get into 
the finer details of arithmetic lattices arising from quaternion algebras, characterize stable 
subgroups, and discuss torsion in arithmetic lattices. The technical heart of the paper is 
21 where we generalize volume bounds of Chinburg and Friedman llTHl for irreducible 
arithmetic lattices acting on arbitrary products of hyperbolic 2- and 3-spaces and intro¬ 
duce the Fuchsian gambit. In jgl we use these bounds to put strong restrictions on the 
number fields associated with irreducible fake quadrics, then prove some additional con¬ 
straints and describe how one can enumerate the commensurability classes of irreducible 
fake quadrics using Magma. The Appendix presents the results of these calculations. 

The authors would like to thank Carl Pomerance and Alan Reid for advice. The first au¬ 
thor was partially supported by an NSF RTG grant DMS-1045119 and an NSF Mathemat¬ 
ical Sciences Postdoctoral Fellowship. The second author was supported by NSF grant 
DMS-1361000, and acknowledges support from U.S. National Science Foundation grants 
DMS 1107452,1107263,1107367 "RNMS: GEometric structures And Representation vari¬ 
eties" (the GEAR Network). The third author was supported by an NSF GAREER Award 
(DMS-1151047). 


1. Background 


Geometry of fake quadrics. This section describes the basic results on fake quadrics we 
use. A good reference is the book of Griffiths-Harris 11211 . 

Let A be a smooth projective surface. The real cohomology of X then has a Hodge 
decomposition 

= 0 W'\X). 

i-\-j=k 

If h^’^{X) = dimR H^’^{X), then, since X is projective and hence Kahler, h^’^{X) = h^’\X). 
The holomorphic Euler characteristic is 

x{X) = /i°’°(X) - h^'\x) + h^’^{X). 


If Cj(X) is the jth Chern number of X, then C 2 (A) is the topological Euler characteristic 
and cl (A) is the self-intersection of the canonical bundle of A. These quantities are related 
by Noether's formula: 


( 1 . 1 ) 


X{X) 


C?(A)+C2(A) 
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A fake quadric is a smooth projective surface A with the same rational cohomology as 
O = X Pi but not isomorphic to it. If A is a fake quadric, then A has geometric genus 

Pg{X) = h^’^iX) = 0 and x(A) = 1. 

lfii^ = {z = x + yieC-.y = Im(^) > 0} is the upper half-plane model for hyperbolic 
2-space, equip with the metric = (dx^ -|- dy‘^)/y‘^, so that has constant negative 
curvature — 1. Let T-i = x and G = Isom^ ("H) be the group of holomorphic isometries 
of T-i (see 21 for more on this group) and T < G be a torsion-free, discrete subgroup 
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such that the quotient X = r\'H is compact. Then X is a smooth projective surface. 
Hirzebruch's proportionality principle Il22l says that the ratio 

C2(X) C2{W) ’ 

since ^ the compact complex dual to "H. It follows that cf(X) = 2c2(X), 

and hence, by (|1.H) . C 2 (X) = 4x(X). 

A surface X = r\'H as above is irreducible if it is not finitely covered by a direct product 
of (complex) curves. If X is irreducible, then a theorem of Matsushima-Shimura |28l 
implies that H^{X,Q) = {0}, so = 0. Applying the Chern-Gauss-Boimet 

theorem, we find that 

vol(X) = (27r)2c2(X) = (167r2)y(X). 

Putting these together, we have shown that if X is an irreducible fake quadric, then: 

X{X) = 1 C 2 (A) = 4 ci(X)2 = 8 vol(A) = levr^ 

Furthermore, the the latter equality plus irreducibility is sufficient for the converse. 

Lemma 1.2. Suppose T < Isom^('H) is a torsion-free lattice and X = T\H is compact and 
irreducible. Then X is a fake quadric if and only ifvo\{X) = IGvr^. 

Therefore, our fask of classifying fake quadrics becomes the problem of enumerating 
torsion-free laffices T < Isom^('H) such thaf vol(r\'H) = IGvr^. 


Number fields and quaternion algebras. Basic references for quaternion algebras are 
Maclachlan-Reid ||27| and Vigneras |37| . 

Let fc be a number field with degree n = [k : Q], signature (ri, r 2 ), absolute discriminant 
d, and root discriminant 5 = Also, let Ok be the ring of infegers of k and C,k{s) its 
Dedekind zeta function. We let w be the number of roots of unity contained \rvk,hhe the 
class number, and Reg be the regulator of k. 

If is the unit group of Ok and < O^ is the subgroup of totally positive units, 
consisting of units that are positive under every embedding of k into M, then 

Of^/Of ^ (Z/2Z)"* 


for some m G Z>o. When k is not totally complex, we have —If Ok+ hence m > 1. 
Since O'^ has index 2” in Of, it follows that 

[Of : 0*2^] = 2^-^ > 2. 

A quaternion algebra B over kis a central simple algebra of dimension 4 over k, or equiv¬ 
alently, a fc-algebra with generators i,j G B such that 

= A f = b, ji = -ij 


with a,b G k^. An algebra described in by i,j as above is denoted B 



. A 


quaternion algebra B over k has a unique (anti-)involution ~ : B ^ B such that the 
reduced trace trd(a) = a + a and the reduced norm nrd(Q;) = aa belong to k for all a E B. 

Let f be a place of k and k.^ denofe the completion of k af v. Then B is split af v if 
By = B <S)k kv — M 2 {ky), and otherwise B is ramified at v (in which case By is a division 
ring). The set Ram(i?) of ramified places of R is a finite set of noncomplex places of 
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k having even cardinality. Further, the set Ram(i?) uniquely characterizes B up to k- 
algebra isomorphism. Let Ramoo(i?) (resp. Ram/(i?)) be the infinite (resp. finite) places of 
k in Ram(R). 

An order (9 c R is a subring of B (with 1 G O) that is finitely generated as an Ok- 
submodule and that contains a basis for B over k. An order is maximal if it is not properly 
contained in another order. Every order is contained in a maximal order, and there are 
finitely many maximal orders in B up to conjugation by R^. 

2. Arithmetic lattices and quaternion algebras 

In this section, we describe the construction of lattices arising from quaternion algebras. 
We retain the notation from ^ In particular, k is a number field and R is a quaternion 
algebra over k. 

Lattices potentially yielding fake quadrics. Suppose that R splits at precisely a real 
places and let b = r 2 . Then 

Rr = R ®Q M ^ M 2 (M)“ © © M 2 (C)^ 

where H is the real division algebra of Hamiltonian quaternions. Let t : Rr ^ M 2 (M)“ be 
the embedding obtained by composing the above map with the projection onto the factor 

M2(M)“ X M2(C)L 

Given a maximal order C> of R, let Lq be the image of inGa^b = PGL 2 (M)“xPGL 2 (C)^ 
under t. Then Pq is a lattice by Borel and Harish-Chandra ||9|, and the image of P© under 
projection onto any proper factor of Ga,b is topologically dense. 

In this paper we are interested in subgroups acting discretely on "H = x H^. There¬ 
fore, to construct fake quadrics we take a = 2. Accordingly, we suppose from now on 
that k is totally real and R is ramified at all but exactly two real places of k. In particular, 
n = [fc : Q] > 2. 

A (discrete) subgroup P < Isom(R) commensurable with Po for some maximal order 
(P C R (in the narrow sense, with the intersection having finite index in each group) is 
called an arithmetic lattice in Isom('H). An arithmetic lattice P is reducible if it contains a 
finite index subgroup P' < P such that P' = Pi x P 2 is isomorphic as a group to a product 
of groups with each Pj < Isom(H^) a Fuchsian group. This paper is concerned only 
with irreducible arithmetic lattices, and by the arithmeticity theorem of Margulis and the 
classification of fc-forms of PGL 2 , all irreducible arithmetic lattices are indeed obtained 
from the above construction. 

Let Isom^('H) be the subgroup of Isom('H) consisting of holomorphic isometries, P < 
Isom('H) be an arithmetic lattice, and 

A = P\-H. 

Then X has the structure of a complex orbifold of dimension 2. By the Godement com¬ 
pactness criterion, X is compact (equivalently, P is uniform) if and only if R is a division 
algebra over k (equivalently, Ram(R) 7 ^ 0). We summarize the above discussion with the 
following lemma. 

Lemma 2.1. Commensurability classes of irreducible, cocompact arithmetic lattices in Isom('H) 
are determined by precisely those forms 0 /PGL 2 defined by quaternion division algebras B over a 
totally real field k such that Ram(R) contains all but exactly two real places of F. 
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Stable subgroups. Let G = Isom’*'('H) < Isom('H) denote the orientation-preserving 
isometry group oil-i. Then Isom’^('H) contains the swap map 

(^ 1 ; Z 2 ) {Z2, Zi). 

By the de Rham decomposition theorem, G is generated by a and the stable subgroup 

G* = Gn (Isom(H2) X Isom(H2)). 

The group Isom(H^) = PGL 2 (M) is generated by PGL^(M) acting by linear fractional 
transformations and the orientation-reversing isometry p{z) = —Ijz of negative determi¬ 
nant. Therefore 

G* = {7 = ( 71 , 72 ) G PGL 2 (M) X PGL 2 (M) : det( 7 i) det( 72 ) > 0}. 

When 7 G PGL 2 (M) x PGL 2 (M) has det( 7 i) < 0 for i = 1,2, then the corresponding 
orientation-preserving isometry acts on each factor by an orientation-reversing isometry 
Notice that such an isometry does not act holomorphically on Ti. 

Finally, inside G* is the subgroup G~^ = PGL^ (M) x PGL^ (R) of index 2 . Therefore, we 
have inclusions 

Isom+CH) = G>G* >G+^ PGL+(R) x PGL+(R). 

A discrete subgroup P < G is called stable if P < G*. A subgroup P of G acts by holomor- 
phic isometries if and only if it is contained in 

Isom'^CH) = (a,PGL+(R) x PGL+(R)) , 

and Isom^CH) n G* = G+. 

Critical for enumerating all lattices in Isom^('H) of covolume Idvr^ is the following, 
which characterizes those lattices not contained in G*. See also Granath Section 4.3] 
and Dzambic-Roulleau llTSl Proposition 6 ]. 

Theorem 2.3. Let P^i < G* be an arithmetic lattice associated with a quaternion algebra B over 
k, and let t: B ^ M 2 (R)^ be an algebra embedding. Then 

NG{T,t)nG* <i{B^lk^). 

Moreover, there exists a lattice P < G properly containing P^t such that T ^ G* if and only if 
there exists t g Aut(fc/Q) such that 

(i) r(Ram(i?)) = Ram(i?) and t interchanges the two real places ofk that split B and 

(ii) 'r(Psi) is conjugate to Tgt under the induced action of i{B^). 

Proof Suppose that a G G* normalizes Pg*. One way to prove the first statement is to 
note that a lies in the commensurator of T^t G G* in G* then apply a result of Borel 1^ 
Thm. 3(b)] which implies that the commensurator in G* of any arithmetic subgroup of G* 
commensurable with P^i fi G* equals fB^). 

We give another proof, which is useful for the proof of the second part. Consider 

Tf = T,t n l{B^) < PSL 2 (R) X PSL 2 (R), 

where B^ < B^ is the subgroup of units with reduced norm 1. Then 

l{B^) ^ B^/{±1} -G G. 
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Let Ajj be the full lift of Tl^ to < SL 2 (M) x SL 2 (M). We have a central exact sequence 

1 -)■ Z/2Z -)■ Al^ ^ ^ 1. 

We claim that, replacing Ls* with a subgroup of finite index, we can assume that = 
X Z/2Z. By Selberg's lemma, A^^ has a torsion-free finite-index subgroup which 
then projects isomorphically onto its image in LReplacing Lwith we see that the 
above central exact sequence admits a section that is a homomorphism, and the claim 
follows. Replacing with a further subgroup of finite index, we can assume that it is 
normalized by our element a E G*. 

The map l : B ^ M 2 (M)^ is an embedding, so conjugation by a defines a fc-algebra 
automorphism (f)^ E Ant k{B). By the Skolem-Noether theorem, there exists (3 E B^ such 
that 4)a{x) = j3xj3~^ for all x E B. Thus L{j3)a~^ centralizes Al^, and G* has no center, so 
a E i{B^) as claimed. 

For the second statement, choose 7 G T not in G*. Recall that 7 is of the form ga for 
some g E G* and a the swap map. Passing to a group Aj^ as above, we see that 7 defines 
an automorphism cj)^ of B that is Q-linear but not fc-linear. More specifically, is the 
composition of an element r of Aut(/c/Q) that swaps the two real places of k that split B 
and a fc-automorphism of B. Again, Skolem-Noether implies that there is some [3 E B^ 
such that (j)y{x) = (3T{x)f3~^ for all x E B. Since the action of r on B^ projects to the swap 
map a, we see in the same way as above that is conjugate to T^* by an element of 

i{B^). Furthermore, this implies that B (g)^ K^v) is isomorphic to B ky for every place v 
of k, so r(Ram(i?)) = Ram(i?). This proves that (i) and (ii) hold. 

Conversely, if conditions (i) and (ii) hold with T(rst) = aTstOt~^, define p = a~^a. By 
(i), conjugation by a is the same as the action of r, and it follows that p normalizes T^jt. In 
particular, the subgroup of G generated by p and T is a lattice, since the normalizer of T 
in G is a lattice, and hence is a finite extension of Ts^. □ 

Example 2.4. In Theorem 12.31 if r(rst) = T^t, then we obtain T by adjoining the swapping 
map a itself. 

Remark 2.5. It is possible to find a group where T{Tst) 7 ^ T^t as follows. Assume for 
simplicity that k is Galois over Q. Take an Eichler order O of square-free level 91 such 
that t{0) is isomorphic but not equal to O. For example, take an Eichler order O of level 
9t = t(9I) with r G Gal(/c/Q) interchanging the two real places and such that t{0) = O. 
Such a Galois-invariant order always exists. Now let O' = pOp~^, where r(p)/i“^ ^ 
Nbx{0). Then t{0') = t{p)Ot{p)~^ is conjugate to O' under a = r(/i)/i“^ but t{0') 7 ^ 
O'. Therefore, the above construction applies. It would be interesting to understand a 
necessary and sufficient condition for this to be a torsion-free extension of Tst- 

Maximal arithmetic lattices and torsion. Let T < G be a lattice. Then T is contained in 
a maximal lattice [ 81 , and our strategy is based upon enumerating maximal arithmetic 
lattices with bounded covolume, then finding which of these lattices contain a subgroup 
isomorphic to the fundamental group of a fake quadric. Therefore, we need to understand 
the maximal lattices in G*, which are described as follows. 

Suppose that the commensurability class of arithmetic lattices associated with the to¬ 
tally real field k and fc-quaternion algebra B produces a fake quadric X = r\'R. Let 
Tst = T n G* be the stable subgroup of T. Then Ts* is contained in one of the maximal 
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arithmetic lattices Ts,o defined via Bruhat-Tits theory 0 (see also Chinburg-Friedman 
IITSl §4] and Maclachlan-Reid W7[ §11.4]), where S' is a finite set of places of k, none of 
which ramify B. We briefly recall that r 5 c> is the image in G* of the group N{8s), where 
8s is the Eichler order of B determined by O and S and N{8s) is the normalizer of 8s 
in B^ (unless S' = 0, in which case F^ o = Fo). Then r 5 C) is commensurable with To, 
and all maximal lattices in G* commensurable with F q come from this construction. We 
emphasize that F s,o is not uniquely determined by S'. 

Furthermore, the quotient X = r\'H is smooth if and only if F is torsion-free. Conse¬ 
quently, we need to understand torsion elements in F in terms of arithmetic invariants of 
B. This comes from the following. For s G Z>i, we let Cs be a primitive root of unity of 
order s (in an algebraic closure k of k). 

Before stating our next result we require some additional terminology. Let B he a k- 
quatemion algebra, L a quadratic field extension of k which embeds into B and kl c L a 
quadratic Ok-order. We say that Tt is selective (with respect to B) if Tl does not embed into 
all maximal orders of B. 

Proposition 2.6. Let k be a totally real field and let B be a quaternion division algebra over k 
ramified at all but exactly two real places of k. Let O d B be a maximal order and set Fo = 
i{OX) < G. Then the following are equivalent: 

(i) To contains an element of order m > 2; 

(ii) k{( 2 m) embeds in B; 

(hi) k{( 2 m)/k is a quadratic extension in which no prime in Ram(i?) splits. 

Proof The equivalence of (ii) and (iii) is a standard local-global principle for B. To ensure 
that in fact we can take C 2 m £ we need only rule out the possibility that Ok[C 2 m\ 
is selective with respect to B, and for this we appeal to a result of Chinburg-Friedman 
IflSl Theorem 3.3]. The extension k{C,2m)/k is a totally imaginary quadratic extension of a 
totally real number field, and B is unramified at precisely two real places. This rules out 
the possibility of selectivity and concludes our proof. □ 

We then have the following immediate consequence. 

Corollary 2.7. Under the hypotheses of Proposition \2.6\ suppose further that Ram(i?) contains 
no finite prime of k. Then To contains elements of orders 2 and 3. 

Determining when an arbitrary lattice T contains an element of finite order is consid¬ 
erably more nuanced. However, for stable maximal arithmetic lattices, the problem is 
completely solved by a theorem of Chinburg-Friedman IIT^ Theorem 3.3]. The following 
states their result in the special case we need for this paper. 

Theorem 2.8. Let kbea totally real field, B a quaternion algebra with Ram(i?) fz 0^ and O C B 
a maximal order. Then Tg^o contains an element of order m > 3 if and only if the following 
conditions hold: 

(i) There is an Ok-embedding ofOk[Cm] into O.Ifm = 2t for some prime £ >3, then Ok{Cm) 
also embeds into O. 

(ii) lfm = 2G and \ is a prime of Ok over £ with 1 ^ Ram(i?) U S, then the absolute ramifica¬ 
tion index ci is divisible by ip{m), where cp is the Euler totient function. 

(iii) Tor each prime p in S at least one of the following holds: 
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• p splits in k{(m)/ki 

• p divides a rational prime £> 3 and n = 2t and Cp is not divisible by ip{m); or 

• p divides a rational prime i >2 and m = t. 


3. Generalizing a volume inequality oe Chinburg and Friedman 

In this section, we revisit an inequality due to Chinburg-Friedman llT4l Lemma 4.3], 
which provides a lower bound for the volume of an orbifold in the commensurability 
class determined by a quaternion algebra B over a number field k in terms of the arith¬ 
metic invariants of B. We expect that our improved bounds will be of use to those work¬ 
ing on a wide variety of problems related to the volumes of arithmetic groups derived 
from quaternion algebras and therefore we prove a slightly more general result than is 
needed for the present paper. 

For ease of comparing our results to those of Chinburg-Friedman, we recall their nota¬ 
tion. Let a, 6 > 0 be non-negative integers with a -I- 6 > 1 and define Tiafi = (H^)“ x 
The group Ga,b = PGL 2 (M)“ x PGL 2 (C)^ is the subgroup of the isometry group of 'Ha,b 
preserving the factors and acting by orientation-preserving isometries on the factors. 
Equip with the metric of constant curvature —1. Given an irreducible subgroup 

P of Gab with finite covolume, we let p{X) denote the volume of the quotient orbifold 

^ = r\'Ha,b. 

We retain the notation from section 2, letting A; be a number field of degree n = [A; : Q] 
with signature (ri, r2) and r2 = b and a < ri. Let i? be a quaternion algebra defined over 
k that is unramified at precisely a real places of k. If G is a maximal order of B and Po the 
irreducible subgroup of Ga,b defined by the image of in Ga,b, we let “^(A:, B) denote the 
set of all subgroups of Ga,b that are commensurable with Po. 

Recall that Ram(i?) = Ramj(i?) U Ramoo(i?), where Ramf{B) is the subset of finite 
places of k and Ramoo(i?) the subset of archimedean places of k ramifying in B. Let 

U2{B) = #{p e Ram;(R) : N(p) = 2 } 


and L(A:, 2, R) be the degree over k of the maximal unramified elementary 2-abelian Galois 
extension of A; in which all primes in Ram/(R) split completely. Define 


(3.1) 


p{k,B) 


2dlCki2) 

22n+a;2(B)7]-n+n[_f^('^) . py 


where K (R) is the maximal 2-elementary Galois extension of k that is unramified outside 
Ramoo(R) in which all primes in Ram/(R) split completely. We can replace [K{B) : k]~^ 
with 


Pi ■■ ou 

which is an integer multiple of [K{B) : k]~^. We note that [K{B) : k] is the type number of 
R; that is, the number of conjugacy classes of maximal orders of R [TSl pp. 37, 39]. 

The following result is due to Borel IZl (cf. Chinburg-Friedman llT4l Prop. 2.1]). 
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Proposition 3.3. IfT G ^{k,B) and X = T\Ha,b, then 

,,(X)>i,(k,B)( 27 rr n 

pSRamj-(S) 

N(P)^2 

Chinburg-Friedman IlMl Lemma 4.3] show that 

/ 19 08 \ 

independent of a, b. The main result of this section is the following pair of lower bounds 
for B). The first of the two bounds is most useful for ruling out fields of large degree, 
and is a strengthening of IIT^ Lemma 4.3]. The second bound is useful for ruling out large 
h(k,2, B) when n is small, and has no analogue in previous work on volume bounds. 

Theorem 3.4. With notation as above, we have 

- (=r5.)(^) ^ oxp (c.n - oar. + o,0a - 

over 

, a 1(1.785,1.056,1.139,0.119,19.075),! 

(Cl, ..., cs) G I ^2.116,1.186,1.080, 0.115, 6220.354)/ ' 



Proof. Since h{k,2, B) divides the class number of k, it follows from the proof of the 
Brauer-Siegel theorem pp. 300,322] that for any real number s > 1 we have 

i)r(s)''2i 


h{k, 2, B) < 


ws(s 


mrck{s)di 


2^1 Reg 2^2^7r 


Substituting this into (13.11) , taking logarithms, and simplifying yields: 
log(p(4. B)) > log (^2 . Reg .|or . + leg ('^2? . |||. 

(3.5) +nlog (2^1 log(.r2i)-log(s(s-1)) - log (r(s)’’"r (I) ) 


We now define a quantity T{s,y) such that 

log . 2 -‘^ 2 (s)^ +nlog -rilog( 7 r 2 i) > nf{s,y) 

as in IITH Prop. 3.1]. Our definition is for the most part analogous to the definition of 
T{s, y) fiM pp. 515], though (in their notation) we are considering the case in which s > 1 
and ,5^ = 0. In what follows 7 = 0.577156 ... is Euler's constant, 

a{t) = (3t“^(sin(t) — tcos(t)))^, 

y > 0 is a real variable, 

p>po prime ^ r / 

and K is the maximal elementary 2-abelian unramified Galois extension of /c in which 
all prime ideals of Ramj(R) split completely. Let denote the degree of K over Q and 
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write riK = ri{K) + 2r2{K), where ri{K) is the number of real places of K and r 2 (K) the 
number of complex places. We also assume p is a prime not equal to 2, s > 1, and define: 


t{s, y, p, f, r) = 2(3 - s) log(p-^) ^ 

m=l 


1 +prn/ 


— rlog(l—p + rlog(l — p 


Q-{s,y,p, f,r) 


j{s,y,p) 


min 

min 

(/>»-) 


{0,t{s,y,p,f,r)} 

q_{s,y,pj,r) 

f 


In the definition of j, fhe minimum is over integers / such that = pf for a given 

prime over p and r is fhe associated residue degree of ^ over the prime ^ n A: of 
k. Notice that our assumption on K having 2-elementary abelian Galois group over k 
implies that r is either 1 or 2. 

In the case where p = 2, there are two cases. We take: 


?-(s, y, 2,1,1) = min{0, f(s, p, 2,1,1) - log(2)} 
9-(s, y, 2, /, r) = min{0, f(s, p, 2, /, r)} 

J (s, p, 2) = mm- - - 

{/.^) / 

with f(s, p, 2, /, r) the same as above. 

Finally, we fix a prime po > 2 and define: 

2/) = y + log(2\/^) + I ■ - — log(7r) 

2 2 nx n 


/ y + log(2) 1 rjjjq n log(2) \ 
V 2 ^ 2 ' UK ^ n ' 2 J 


{3-s) 


(3 — s)67r 
5y/ynK 


(1 


a[x 


V^)) 


+ 


ri{K) 


ifr ^ 1) 


sinh(a;) riK 2cosh^(|) 


R{s,Po)+ 2 ( s , 2 /, f )- 

p<po prime 


dx 


Then, equation (4.1) in IfT^ . which is equivalenf fo posifivify of fhe sum appearing in fhe 
definition of t, gives 


'' T 

j(,s,y,p) > min-log 
ifx) J 


/l_p-sf/r\ 

Vl -p-2/A ) 


(nofe the minor typo there, where 1.4 should be replaced by s in the right hand side). 
Notice that the second term is an increasing function of //r G Z. As nofed in fhe proof 
of IIT 4 I Lem. 4.1], if //r = 1 never occurs and 3 < p < po, then we can replace the above 
bound with 

j{s,y,p) > ^log 
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for any suchp. Lastly, K has [K : k] = h{k, 2, B) and ri{K)/nK = ri/n, so we have 


T{s,y) >^ + \og{2^) + 


ri /3 


n \2 


log(vr) 


7 + log(2) n 1 + log(2) \ 
2 ^ n ' 2 y 

1 


(3-s) 


(3 — s)67r 
b^riK 


(1 - a{x,/y)) 


R{s,po) 




sinh(a;) n 2cosh^(|) 


dx 


2^ min<'0,g(s,p,p, 1, l),-g(s,p,p,2,2),-log 


3<p<po prime 


1 — p 


-4 


+ min<( 0, <j jq{s,y,2J,r) 


flr<4: 


, ylog 
5 


1-2 


—5s 


1-2 


-10 


To get the two bounds in the statement of the theorem, take s = 1.4, y = 0.1, and po = 97 
for the first and s = 1.35, y = 0.000001, and po = 691 for the second. □ 


Recall that in this paper we are interested in the case where a = 2 and 6 = 0, with the 
setting as in section 3. Proposition 13.31 and Theorem 13.41 then imply the following. 

Corollary 3.6. Let kbe a totally real field and let B be a quaternion algebra over k that is split at 
exactly two real places ofk. IfT G B) and X = T\H, then 


p{X) > max ciReg[C>^ : 0^_^] exp 

(ci,C2,C3) 



h(k,2,B)) 


5 


where 


1(70.497,-0.082,19.075),! 

ici,c2,c3j t 1(83.552,0.106,6220.354)/ 

As an application of Corollary 13.61 we deduce our first upper bound tor the degree n of 
a totally real field such that there is a quaternion algebra B over k and T G ^{k, B) having 
covolume at most 327r^. 

Corollary 3.7. With hypotheses as in Corollary \3.6\ if further T ^^{k, B) has covolume at most 
327r^, then n < 38. For each value ofn G {5,..., 38} we have that h{k, 2, B) is bounded above by 
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the quantity listed in (I3.8I) . 


n 

h{k^ 2, B) < 

5 

214 

6 

212 

7 

215 

8 

212 

9 

210 

10 

2^ 

11,12 

2^ 

13 < n < 16 

22 

17 < n < 23 

2^ 

24 < n < 38 

2° 


Proof. Recall that h{k,2,B) divides the order of the 2-part of the ideal class group of k, 
hence must be a power of two. Therefore, we can replace the numeric bound for h{k, 2, B) 
coming from Corollary 13.61 with the next smallest power of two. The assertion that n < 38 
and the bounds on h{k, 2, B) for 7 < n < 38 follow immediately from Corollary 13.61 the 
regulator bound Reg > 0.0062e°'^^®” due to Friedman llT^ . and the trivial bound [O^ : 

> 2. For n = 5,6, we use the stronger regulator bounds also due to Friedman IIT9l 
Table 4]. □ 


We will need one further technique to bound the size of the normalizes We will con¬ 
sider a quaternion algebra ramified at one more real place than B, and hence will obtain 
a Shimura curve. In this case, a bound on the area by the classical expression for the sig¬ 
nature of a Fuchsian group implies a nontrivial bound on the size of the normalizer of the 
original lattice. We state our result only for algebras unramified at exactly two real places 
of k, but it is clear how one can generalize these methods to algebras unramified at more 
real places. 


Proposition 3.9 (The Fuchsian gambit). Let T < Isom^('H) be a lattice with associated quater¬ 
nion algebra B over k. Let v = covol(r) / (IGvr^), so f = 1 ifT is a fake quadric group. 

Suppose that Tgt is contained in a maximal group T* associated to an Eichler order of (squarefree) 
discriminant 9, and let be the norm 1 group associated to this order. Let p | 9 and 


m = 


[r* : T,,] 

[r : T,,] 


e 



Let e = 2ifp is a square in the narrow class group and e = 1 otherwise. 

(a) Suppose that p is ramified in B. Then [T^ : T*] < 62^^ < 2^^+^, where 


c = 


4ve 


3 < 


16o 


Np - 1 


+ 3. 


m(N p — 1) 

Ifv = l, then c < 19; if further N p > 3, then c < 11. 

(b) Suppose that p is unramified in B. Then [T^ : T*] < 2^ where 


4o(N p — 1) 
m(N p -|- 1) 


and ifv = 1 then c < 11. 
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Proof. Let T* be a maximal stable group containing the fake quadric stable subgroup L^f, 
and let be the group of units of norm 1 in an Eichler order corresponding to L*. Then 


covoi(r^) 


covoi(r) 


[r: r.,] 

[r*: 


[r*: r^] 


IQ'ir'^v 

m 


[r*: r^] 


with m = [r* : r 5 t]/[r : T^t] G 

Now let B' be the quaternion algebra over F swapping ramification at p for a real place 
and O' be an Eichler order with the same level as O (and maximal at all primes dividing 
the discriminant of B). If A Ns the group of units of norm 1 in O', then the volume formula 
implies that 


coarea(A^) 


covol(r^) 
(47r)(Np - 1) 


47rr; 

m(N p — 1) 


[r*: r^]. 


Let A* be a maximal lattice containing AL Erom an explicit understanding of the nor- 
malizer group, something that only depends on the class group of k and the level ll^ 
Proposition 1.16], we have 


[A* : A^j 


[r* ; Tf 

e 


where e = 2 if p is a square in the narrow class group of k and e = 1 otherwise. Therefore 


coarea(A*) 


coarea(A^) 
[A* : Ai] 


Alive 

m(N p — 1) ’ 


Now for a Euchsian group of area < (27r)a, the formula for the coarea in terms of the 
signature 

determines the maximum 2-rank of A*/A*^ with signature (0; 2,..., 2), which is fc — 1 
where 

k = [2(a + 2)J. 

However, A*/A^ is an elementary abelian 2-group, so 


log 2 [ANA']<[ 2 (a + 2)J-l 


2 


2ve 


m(N p — 1) 



- 1 


4t;e 

m(N p — 1) 


+ 3. 


The other calculations for part (a) are similar. 

Eor part (b), we instead take B' to be the quaternion algebra augmenting the ramifica¬ 
tion set of B by both p and a real place, and we take O' to be an Eichler order with level 
Tt/p. Now we have 


coarea(A^) 


covol(r^) Np — 1 
{An) N p -|- 1 


47r-c(Np - 1) _ 

m(N p -h 1) 


The result follows from a similar argument to the first part. 
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4. Enumerating fields and fake quadrics 


We now describe Borel's formula for the covolume of Ts^oXH. Let U 2 {B), K{B), and 
h{k, 2, B) be as above. Recall that is equipped with its metric of constant curvature 
— 1 and H with the product metric. For a lattice T G Isom('H), by vol(r\'H) or covol(r) we 
always mean the measure of r\'H in this metric. 

Let r s,o < G* = PGL 2 (M) x PGL 2 (K). Borel [71 (see also Chinburg-Friedman IT4l Prop. 
2.1]) showed that 


(4.1) 


COVO^Ps^o) 


87r'^d2(f,{2) 
2^(47r2)’^[iP(5) : k] 


n 

pgRamj(B) 


N(p) - 1 
2 


n(N(p)+1) 

pes 


for some integer u with 0 < z/ < ^S; the integer u is given explicitly by class field theory, 
as explained by Maclachlan-Reid [27l p. 356]. It follows that when S' = 0, the group 
Ts.d = Td has minimal covolume in its commensurability class. Following Chinburg- 
Friedman [141 pp. 512], we see that 


(4.2) 


covol(rc)) > 


87r^d=^/^a(2) 
h(k, 2, B) 


n 


N(p) 


pGRamj'(S) 


In this section, we prove some further restrictions on the totally real field k associated 
with an irreducible fake quadric, then we explain our methods for computing the possible 
commensurability classes of irreducible arithmetic subgroups of Isom’''('H) containing a 
fake quadric. 


Further restrictions on k. Let fc be a totally real field and be a quaternion algebra de¬ 
fined over k that is unramified at exactly two real places of k. In this section we will 
enumerate the totally real fields k for which ^{k, B) contains a group with covolume less 
than 327r^. We prove the following. 


Theorem 4.3. IfTe ^{k,B) is torsion-free, stable, and has covolume a submultiple o/327r^, 
then n <8 and the root discriminant 6 of k satisfies the bound listed in (I4.4|l . 


(4.4) 


n 

<5 < 

2 

118.436 

3 

118.436 

4 

92.754 

5 

31.823 

6 

15.986 

7 

15.269 

8 

14.262 


We begin the proof of Theorem I4.3l by showing that n < 8. Note that it already follows 
from Corollary 13.71 that n < 38. We handle the most difficult cases, where n < 10, and 
leave the proof for larger degrees, which follow the same lines of reasoning, to the reader. 
(See work of Linowitz-Voight [251 for an earlier application and further elaboration for 
the combined techniques employed here.) 


Proposition 4.5. IfT G ‘i^{k,B) has covolume less than 327r^, then n f 10. 
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Proof. If n = 10 then Corollary 13.71 shows that h{k, 2, B) < 2"^ 
the trivial bounds oj 2 {B) < 10, m < 9, Cfc(2) > (4/3)^^^^^^ and 


n 


N(P)-1 


> 


pSRamj^(B) 



16. Combining this with 


we see from (|4.2|l that 6 < 30.386. The discriminant bounds of Odlyzko [(29l and Poitou 
11301 (see also Brueggeman-Doud HTTl Theorem 2.4]) imply that a totally real field of degree 
10 with at least 6 primes of norm 2 must have root discriminant at least 33.498, hence 
^ 2 {B) < 5. Applying (|4.2|) again shows that 5 < 26.545. A totally real field of degree at 
least 40 must have root discriminant at least 30.890, hence the class number hoik satisfies 
h < 3. As h{k, 2, B) < h and h(k, 2, B) is a power of two, we have h(k, 2, B) < 2. Applying 
the arguments above once more shows that U 2 {B) < 3 and 6 < 21.892. 

In order to proceed we will apply the following theorem of Armitage-Frohlich ||T||. 


Theorem 4.6 (Armitage-Frohlich). Let h 2 denote the rank of the 2-part of the ideal class group 
of k and m he defined as above. Then 


m < 



+ h2. 


An immediate consequence of Theorem 14.61 is that m < 6 , hence 5 < 19.058. A totally 
real field of degree at least 20 has root discriminant at least 21.401, hence h = h{k, 2, B) = 
1 . Therefore m < 5 and 6 < 17.376. Recall that if fc is a totally real field of degree n, class 
number h and 2 -rank of totally positive units modulo squares equal to m, then the narrow 
class field of k has degree nh2'^. If m = 5 then applying the Odlyzko bounds to the narrow 
class field, we would have 5 > 19.382. whereas (I4.2|l implies 5 < 17.376. This contradiction 
shows that m < 4. The same argument shows that m <3, hence 5 < 15.842. A totally real 
field of degree 10 with at least 2 primes of norm 2 must have root discriminant at least 
17.607, hence oj 2 {B) < 1 and 5 < 15.008. Repeating this argument once more shows that 
072 (i?) = 0 and 5 < 13.949. Voight [l39l showed that there are no totally real number fields 
of degree 10 and root discriminant less than 14, hence tt, 7 ^ 10. □ 


Proposition 4.7. IfV G '^{k,B) is torsion-free and has covolume a submultiple of 32 tt‘^ then 
n 


Proof. We know from Corollary 13.71 that h{k, 2, B) < 2^° = 1024. The trivial bounds 
^ 2 ( 3 ) < 9, m < 8 and Cfc(2) > {4/3)^^^^^ show, via 14.21) , that 6 < 42.424. A totally 
real field of degree at least 288 = 9-2^ must have root discriminant at least 50.176, hence 
h{k,2,B) < h < 2^^ and 6 < 31.176. A totally real field of degree 9 containing at least 
6 primes of norm 2 must have root discriminant at least 33.182, hence oj 2 {B) < 5 and 
5 < 27.647. Applying the Odlyzko bounds to the Hilbert class field of k shows that 
h{k,2,B) < h < 2. Theorem 14.61 now implies that m < 5, allowing us to conclude that 
5 < 20.317. Repeating these arguments and applying the Odlzyko bounds to the narrow 
class field of k (a number field of degree 9 ■ 2™) shows that oj 2 {B) < 1, h = 1, m < 3 and 
5 < 15.445. 

Let T* G ‘^(fc, B) be a maximal arithmetic subgroup containing T and suppose that T* 
has covolume at most 327r^/3. In this case 14.21) shows that 6 < 14.238. All totally real 
fields of degree 9 and root discriminant less than 15 were enumerated by Voight II38I , and 
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an easy computation shows that all satisfy m < 1. This improves our bound to 5 < 12.849. 
As every totally real field of degree 9 has roof discriminanf at least 12.869, we conclude 
that the covolume of T* is either 327r^ or IGtt^. To conclude our proof if now suffices fo 
show that T* contains an element of order 3. 

We first show that B must be ramified af precisely one prime of k of norm 2 and at no 
other finite primes. Suppose not. Poitou's bounds imply that a totally real field of degree 
9 containing primes of norms 2 and 3 musf have roof discriminant at least 15.685. Since 
we already showed that 6 < 15.445, we conclude that either B ramifies af a prime of norm 
2 and fwo primes of norm af leasf 4, or else B ramifies af no primes of norm 2 and a prime 
of norm af leasf 3. 

If B ramifies af a prime of norm 2, we conclude from (|4.2)l fhaf 6 < 14.545. We already 
saw fhaf all fofally real fields of degree 9 with root discriminant less than 15 satisfy m < 1. 
This allows us fo improve our bound fo 5 < 13.938. No fofally real field of degree 9 with 
root discriminant less than 13.938 contains a prime of norm 2, which is a confradicfion. 

Now, suppose thaf B ramifies af no primes of norm 2. If therefore ramifies af a prime of 
norm af leasf 3. Equation (14.21) shows fhaf 5 < 14.988, hence m < 1 (as nofed above). This 
improves our bound to 5 < 13.525. There are only two totally real fields of degree 9 wifh 
roof discriminanf fhis small, and neither contains a prime of norm less than 19. Therefore 
5 < 11.494. However, there are no totally real fields of degree 9 and roof discriminanf less 
than 11.494. This contradiction proves our claim that B is ramified at precisely one prime 
of norm 2 and no other finite primes of k. 

We now show that T* contains an element of order 3. Since T* is a maximal arithmetic 
subgroup it is of the form T s,o foi" some finite set S of primes of k (disjoinf from Ramj(i?)) 
and some maximal order O of B. We claim fhaf S' = 0. Indeed, if S is not empty then the 
Poitou bounds yield a contradiction to the fact that 5 < 15.445 unless S contains a prime 
of norm af least 4. Equations (|4.1|) and (|4.2)) allow us to find a contradiction by arguing 
exactly as above. We can therefore assume fhaf T* = To for some maximal order O of B. 
Since B is ramified af precisely one prime of norm 2 and no ofher finife primes of k, our 
claim fhaf T* confains an elemenf of order 3 follows from Theorem 12.61 and fhe facf fhaf 2 
is inert in Q(C 3 )/Q- □ 


Proposition 4.8. Ifn = 8 and T e B) has covolume at most 327r^ then 6 < 14.262. 

Proof. We know from Corollary 13.71 fhaf h{k,2,B) < 2^^ = 4096, hence [K{B) : k] < 
2'^h{k, 2, B) < 2^ ■ 2^^ = 2^®. Prom fhis we conclude, via (14.11) and the trivial estimates 
< 8 and Cfe(2) > (4/3)‘^2*^^^, that 5 < 51.102. The Odlyzko bounds imply that every 
totally real number field of degree af least 8 • 2® has root discriminant greater than 53.494, 
hence h{k,2,B) < 2P and [K{B) : k] < 2^^. Assume that [K{B) : k] = 2^^ and recall that 
K(B) is unramified af all places of k nof lying in Ramoo(S). In particular there are at least 
two real places of B which are unramified in the extension K{B)/k, hence K{B) has at 
least 2 ■ [K{B) : k] real places. Applying the Odlyzko bounds to this field (which has the 
same root discriminant as k) shows that 5 > 62.785 unless oj 2 {B) < 2. When oj 2 {B) < 2 
equation (|4.1|) shows that 5 < 27.848. Every number field of degree 8-2^^ with at least 2-2^^ 
real places has root discriminant greater than 28.535. This shows that [K{B) : k] f 2^^. 
An identical argument shows that [K{B) k] <2, U 2 {B) < 1 and 6 < 14.262. □ 

Proposition 4.9. Ifn = 7 and T G ^{k, B) has covolume at most 327r^ then 6 < 15.269. 
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Proof. We know from Corollary 13.71 that h{k,2,B) < 2^® = 32768, hence [K{B) : k] < 
2'^h{k,2, B) < 2® ■ 2^^ = 2^^. From this we conclude, via (I4.1|l and the trivial estimates 
i^ 2 (-B) < 7 and Cfc(2) > (4/3)'^^*^^^, that 5 < 69.348. If h{k,2,B) = 2^^ then the class field 
associated to h{k, 2, B) is totally real of degree 7 ■ 2^^ and has at least U 2 {B) ■ 2^^ primes 
of norm 2. If U 2 {B) > 1 then this field has root discriminant 5 > 78.350, a contradiction. 
On the other hand, if oj 2 {B) = 0 then (14.11) shows that S < 52.923 while applying the 
Odlyzko bounds to the class field associated to h{k, 2, B) shows that 6 > 60.702. Therefore 
h{k, 2, B) < 2^^ and [K{B) : k] < 2^°. Arguing as above and applying the Odlyzko-Poitou 
bounds to K{B) show that [K{B) : k] < A and 5 < 15.269. □ 

Proposition 4.10. If n = 6 and P G B) has covolume at most 327r^ then 6 < 15.986. 


Proof We know from Corollary 13.71 that h{k,2,B) < 2^^ = 4096, hence [K{B) : k] < 
2'^h{k, 2, B) < 2^ ■ 2^^ = 2^^. From this we conclude, via (14.1|) and the trivial estimates 
^ 2 {B) < 6 and Cfc(2) > (4/3)'^^*^^^ that 5 < 65.636. If h{k,2,B) = 2^^ then the class field 
associated to h(k, 2, B) is totally real of degree 6 ■ 2^^ and has at least uj 2 {B) ■ 2^^ primes 
of norm 2. If uj2{B) > 1 then this field has root discriminant 5 > 81.118, a contradiction. 
On the other hand, if oj 2 {B) = 0 then (14.1|) shows that S < 50.090 while applying the 
Odlyzko bounds to the class field associated to h{k, 2, B) shows that 5 > 60.241. Therefore 
h{k,2,B) < 2^^ and [K{B) : k] < 2^®. Identical arguments show that [K{B) : k] < A and 
5 < 15.986. □ 


Proposition 4.11. Ifn = 5 and T G ^{k, B) has covolume at most 327r^ then S < 31.823. 

Proof We know from Corollary 13.71 that h{k,2,B) < 2^'^ = 16384, hence [K{B) : k] < 
2'^h{k, 2, S) < 2^ ■ 2^^ = 2^®. From this we conclude, via (14.1|) and the trivial estimates 
^ 2 {B) < 5 and Cfc(2) > that 5 < 96.468. If h{k,2,B) = 2^^ then the class 

field associated to h{k,2,B) is totally real of degree 5 ■ 2^“^ and has at least u: 2 {B) ■ 2^^ 
primes of norm 2. If U 2 {B) = 5 then applying the Odlyzko bounds to the class field 
associated to h{k, 2, B) shows that 6 > 503.890, a contradiction. Similar arguments show 
that we must have U 2 {B) = 0, in which case 6 < 73.619. Since B must ramify at a finite 
number of primes having even cardinality, a finite prime of k must ramify in B. The 
Odlyzko bounds, applied once again to the class field associated to h{k, 2, B), show that 
this prime must have norm at least 11. Equation (14.1|) now shows that 5 < 59.401. This is a 
contradiction, as the Odlyzko bounds show that a totally real number field of degree 5-2^^ 
must have root discriminant at least 60.571. This shows that 2, B) < 2^®. Identical 
arguments (for h{k, 2, B) G {2^ : x < 13}) show that h{k, 2, B) < 2^, in which case 8 < 
31.823. □ 


Proposition 4.12. If n = A and T G ^{k, B) is torsion-free, stable, and has covolume at most 
327r2 then 8 < 92.754. 


Proof We begin with the case in which B is ramified at a finite prime p of k. Let T* be 
a maximal arithmetic group containing T and T^ be the group of norm one units in the 
Eichler order associated to T*. Proposition 13.91 shows that covol(r^) < 2^^ • 327r^ if Np > 3 
and that covol(r^) < 2^° • 327r^ when Np = 2. In the former case B §7.3] shows that 


212 


> 


(4^2)n’ 
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whereas in the latter case we obtain (employing the estimate Cfc(2) >4/3, which follows 
from the Euler product expansion of (kis)) 

— (47i-2^n 

In the former case we deduce that 5 < 46.377 and in the latter case we have 5 < 111.391. 
Since a quaternion algebra over k must ramify at an even number of primes, there exists a 
prime q ^ p such that B ramifies af q as well. If iVq > 2 then we have 5 < 46.377 as above. 
Suppose now that iVq = 2. In this case the class field associated to h{k, 2, B) is totally real 
of degree 4 • h{k, 2, B) and has af least 2h{k, 2, B) primes of norm 2. The Odlyzko-Poitou 
bounds imply that h{k, 2, B) < 2^, in which case (I4.1|l implies that 6 < 42.972. 

Finally, consider the case in which B is unramified af all finife primes of k. In this case 
Corollary 12. Zl shows that To contains elements of orders 2 and 3. If there exists a maximal 
order O of B such that T c To then because T is torsion-free, the covolume of To is af 
most 327r^/6. If T ^ To then T must be contained in r 5 c) for some maximal order O of B 
and non-empfy sef S of primes of k. We claim that covol(rc)) < 167r^ except possibly when 
S = {p} and Np = 2. Indeed, this follows from (|4.1|l and the fact that covol(r) < 327r^. 
In all of the cases considered thus far, covol(rc)) < 167r^, hence Corollary 13.61 shows that 
h{k, 2, B) < 2^4 and 5 < 92.754 by (lOl . 

We now consider the remaining case in which T C Tso with S = {p} and A^p = 2. 
Proposition 13.91 b) shows that in this case covol(r^) < 2^^ ■ 327r^ and the proposition follows 
from the volume formula for P^ ^ §7.3] as above. □ 


Proposition 4.13. Ifn G {2,3} and T G B) has covolume at most 327r^ then 6 < 118.436. 


Proof. If fc is a real quadratic field or a tofally real cubic field, then h < |\/d; this follows 
from work of [(24|, Ramare Il34l Corollary 2] for the quadratic case, and Louboutin 
Corollary 4] for the cubic case. Recalling that uj 2 {B) is the number of primes of k that 
ramify in B and have norm 2, it is clear that 

N(p) - 1 

2 

pSRamj'(B) 




By considering the Euler product expansion of (kis), one sees that Cfc(2) > We 

also note the trivial estimates U 2 {B) < n, m < n — 1, h{k, 2, B) < h. Combining all of these 
estimates with (|4.2|l proves the proposition. □ 


Enumerating maximal arithmetic subgroups containing fake quadrics. We now know 
thaf the field of definition of a fake quadric is a fotally real field of degree 2 < n < 8. 
Now we describe how one enumerates all maximal arithmetic subgroups of Isom('H) that 
can contain the stable subgroup of the fundamental group of a fake quadric. All of the 
computations described in this section were carried out with Magma llTOl . 

Recall that a maximal arithmetic subgroup Ps^c) of PGL 2 (M) x PGL 2 (M) defined over k 
has covolume 


covol(rs,c)) 


87r2dfCfc(2) (ripeRam^CB) npe5(N(p) + 1) 

2^(47r2)’^[W(5) ; k] 
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(4.14) 




















for some integer s with 0 < u < |S'|. All of these quantities are easily computed with 
Magma. We remark that because K(B) is the maximal abelian extension of k with 2- 
elementary Galois group that is unramified outside of Ramoo(i?) and in which all primes 
of Ramj(i?) split completely, we can use computational class field theory to compute 
lA'(B) : A.|. 

It is trivial to enumerate all real quadratic fields with root discriminant less than 
118.436, and in degrees 3,..., 8 all of the totally real fields satisfying the root discrimi¬ 
nant bounds (|4.4|l were enumerated by Voight Il39l . Fix one such field k. Using (|4.14|l we 
compute all possible sets Ram(R) and S tor which the right hand side of (|4.14)l is at most 
327r^. Here Ram(i?) is a set of even cardinality consisting of finite primes of k and n — 2 
real places of k, and S' is a set of finite primes of k none of which lie in Ram(i?). 

If Tst is the stable subgroup of the fundamental group F of a fake quadric, then F^t is 
contained in a maximal arithmetic group F s,o (where G is a maximal order of the quater¬ 
nion algebra B over k defined by the ramification set Ram(i?)). Then covol(rst) = 327r^ if 
Tst is properly contained in F and covol(rst) = IGtt^ if F = Fs*. In particular: 


covol(r5,c)) 


r 327r2 

iGUn 

IGtt^ 

. [r5,a : r] 


T = Tst 


It follows that we need only consider those sets Ram(i?) and S for which the associated 
group F s,o has covolume an integral submultiple of 327r^. 

We note that in many cases. Theorem 12.31 implies that F caimot properly contain F^j. 
For instance, this is necessarily the case when ^ Ant{k/Q) = 1. In these cases it follows 
that F = F^i, covol(rst) = and covol(rs'c)) = /\Ts,o '■ T]. 

If O and O' are maximal orders of B, then the groups F s,o arid F s,o' will not always 
be conjugate, but they have equal covolumes. If O and O' are conjugate by an element of 
B^, then F s,o and F s,o' will be conjugate IITSl Lemma 4.1]. Also, the number of conjugacy 
classes of maximal orders of B is equal to [K{B) : k] IfTR pp. 37], and this quantity is 
referred to as the type number ts of R. Using the methods described above, we see that all 
but four of the quaternion algebras B that we need to consider have type number equal 
to one. It follows in these cases that the conjugacy class of F s,o does not depend on the 
chosen maximal order O of B. When > 1 there will hets conjugacy classes of maximal 
arithmetic groups arising from B that must be considered. 

The process described above yields a large number of maximal arithmetic groups. 
While it is possible that each of these groups contains a subgroup of covolume or 
327r^, not all of these groups may contain torsion-free subgroups of these covolumes. Sup¬ 
pose for instance that Fso contains elements of finite orders mi,..., m^. (Note that, be¬ 
cause only finitely many cyclotomic extensions embed into the quaternion algebra B, 
there are only finitely many possible orders of an element of F s,o of finite order.) If F is a 
finite index subgroup of F s,o that is torsion-free then we necessarily have that 


lcm(mi, ...,mt) \ [Fs^o : T]- 
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We then use Theorem 12.81 to rule out many possible B, O, and S, where conditions 2. 
and 3. are easily verified using Magma. This allows us to eliminate additional maximal 
arithmetic subgroups, and, when combined with Theorem 14.31 proves the following. 

Theorem 4.15. Let V\H he an irreducible fake quadric. Then the stable subgroup Tgt ofT is (up 
to conjugacy) contained in one of the maximal arithmetic subgroups o/lsom+(4f) enumerated in 
the Appendix. 
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Appendix 


In this appendix we list maximal arithmetic subgroups of PGL 2 (M) x PGL 2 (M) that 
may contain the stable subgroup of the fundamental group of an irreducible fake quadric. 
Since the number of these commensurability classes is large, we employ some shortcuts 
in how we record our results, which we now describe. 

We group maximal stable arithmetic subgroups first by the data 

n, d, D, N 

where n = [A; : Q] is the degree of the underlying totally real field k and d is its discrim¬ 
inant (for the commensurability classes below, the discriminant uniquely determines the 
field); the associated quaternion algebra B is specified by the absolute norm D = N(D) 
of its discriminant D, and the Eichler order £ c B is specified by the absolute norm 
N = N(in) of its level 91. There are only finitely many possibilities for k, B, O with this 
data, and they are explicitly given in the computer readable output available from the 
authors' websites. We then list the total number of maximal subgroups up to conjugacy 
with this data: there may be many, as both the possible choices of split ramified real places 
for B and the type number of the order are accounted for. 

In each line of the tables, we provide a bit more data about the groups. First, we 
compute the covolume of the maximal stable arithmetic group with the specified data. 
Second, we compute the index of the maximal holomorphic stable group inside the max¬ 
imal stable group—in nearly all cases, this index is 4 (coming from elements acting by 
orientation-reversing isometry on each of the two factors of "H). Third, we compute the 
least common multiple of the orders of the elements of finite order in r 5 ci. Fourth, we 
compute the number 0 < i/ < IS] that appears in (14.141) using class field theory Il27l p. 
356]. Finally, the last column records x if it is guaranteed that T = T^t; otherwise, we leave 
this entry blank, indicating that it is possible that there are unstable fake quadric groups 
T with this data. 

Remark 4.16. We now make some remarks on the discrepancies between our work and 
Dzambic's |[T7| on fake quadrics defined over quadratic fields. Any lattices in our paper 
that are not stable will not appear in HTTI . Unfortunately, our tables also differ for stable 
lattices. We found that the entry [Q(\/5), ^ 2 ^ 31 , 0, 2 ] in liTTl Thm. 3.15], and similarly for 
v'^^, caimot produce fake quadrics, even in the generality discussed in this paper. 

We quickly explain how our index calculations should differ from those of HTTI when 
31 = 1, i.e., for To. It is easy to see, using Eichler's theorem on norms, that the index of 
rj in To is equal to 2 when the narrow class number h'^ equals the class number h, since 
we can find an element of O* with reduced norm to k that is negative at each real place of 
k, but caimot find one that is negative at exactly one real place. Otherwise, h'^ = 2 h and 
T J has index 4 in To, since we can find elements of O* with reduced norm of chosen sign 
at each real embedding. When there is the possibility that the lattice has proper stable 
subgroup, we report the index in To of a (pofential) lattice of covolume 327r^. In this case, 
our index should be 4 times the index / from [|T7| when = h and 8 times Dzambic's 
/ when h'^ = 2h. When Tq is stable, we report the index of a (potential) subgroup of 
covolume IGvr^, so our index should be 21 when = h and 4/ when h'^ = 2h. This, 
plus the index of T J in A^T J (in the notation from llTTl ), should account for the difference 
between our index and Dzambic's. 
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Table la: Commensurability classes for degree n = 2 (1 of 3) 
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1 

8/37r2 

4 

6 

0 


147 

1 

87r2 

4 

1 

0 

k: 



3 

16/37r2 

4 

3 

1 



3 

IGtt^ 

4 

1 

1 

k: 


35 

1 

dvr^ 

4 

1 

0 

kc 

221 

1 

IGvr^ 

4 

1 

0 

k: 



3 

87r2 

4 

1 

1 

kc 

612 

1 


4 

1 

0 

k: 


51 

1 

16/37r^ 

4 

3 

0 

kc 










5 

IGtt^ 

4 

1 

1 

kc 









68 

1 

87r2 

4 

1 

0 

kc 










3 

IGtt^ 

4 

1 

1 

kc 









119 

1 

IGtt^ 

4 

1 

0 

kc 









300 

1 

dvr^ 

4 

1 

0 











7 

IGtt^ 

4 

1 

1 










525 

1 

87r2 

4 

1 

0 










1020 

1 

IGtt^ 

4 

1 

0 

kc 









1700 

1 

327r2 

4 

1 

0 

kc 









1785 

1 

327r2 

4 

1 

0 

kc 


Table lb: Commensurability classes for degree n = 2 (2 of 3) 


25 





d 

D 

N 

vol 

hind 

1cm 

u 

St 

d 

D 

N 

vol 

hind 

1cm 

z/ 

St 

24 

6 

1 

l/27r^ 

4 

2 

0 


60 

6 

1 

2tt'^ 

4 

1 

0 



15 

1 

27r2 

4 

1 

0 

'k 



7 

Stt^ 

4 

1 

1 

k 


150 

1 

27r2 

4 

1 

0 




49 

327r2 

4 

1 

2 


28 

6 

1 

2/37r2 

4 

3 

0 

"k 


15 

1 

Stt^ 

4 

1 

0 




3 

4/37r^ 

4 

3 

1 

k: 


51 

1 

327r2 

4 

1 

0 

k 



7 

8/37r2 

4 

3 

1 

k 


510 

1 

327r2 

4 

1 

0 

k 



21 

16/37r^ 

4 

3 

2 

k 

65 

4 

1 

4/37r^ 

4 

6 

0 




47 

IGvr^ 

4 

1 

1 

k 



5 

47r^ 

4 

1 

1 



9 

1 

4/37r^ 

4 

12 

0 




7 

16/37r2 

4 

3 

1 

k 



2 

27r2 

4 

1 

1 




35 

IGtt^ 

4 

1 

2 

k 



7 

16/37r2 

4 

3 

1 



10 

1 

16/37r2 

4 

3 

0 

k 



14 

87r2 

4 

1 

2 




2 

87r2 

4 

1 

1 

k 


14 

1 

27r2 

4 

1 

0 



14 

1 

Stt^ 

4 

2 

0 

k 



3 

47r^ 

4 

1 

1 

k 


18 

1 

32/37r2 

4 

3 

0 

k 



9 

Svr^ 

4 

1 

2 




2 

IGtt^ 

4 

1 

1 

k 


21 

1 

47r^ 

4 

4 

0 

k 


26 

1 

IGtt^ 

4 

1 

0 

k 



3 

87r2 

4 

1 

1 

k 


35 

1 

327r2 

4 

1 

0 

k 


50 

1 

87r2 

2 

1 

0 



140 

1 

Stt^ 

4 

1 

0 

k 



3 

IGvr^ 

4 

1 

1 

k 


180 

1 

32l3k 

4 

3 

0 




7 

327r2 

4 

1 

1 



252 

1 

IGtt^ 

4 

1 

0 

k 



9 

327r2 

4 

1 

2 



260 

1 

IGtt^ 

4 

1 

0 



75 

1 

IGvr^ 

4 

1 

0 

k 


468 

1 

327r2 

4 

1 

0 



126 

1 

27r2 

4 

1 

0 


69 

15 

1 

87r2 

4 

1 

0 

k 


450 

1 

87r2 

4 

1 

0 



51 

1 

327r2 

4 

1 

0 

k 



7 

327r2 

4 

1 

1 


145 

4 

1 

16/37r2 

4 

6 

0 


33 

6 

1 

Itt^ 

4 

2 

0 

k 



5 

IGtt^ 

4 

1 

1 




31 

IGtt^ 

4 

1 

1 

k 


6 

2 

IGtt^ 

4 

1 

1 

k 


51 

1 

IGtt^ 

4 

1 

0 

k 


36 

1 

16/37r2 

4 

6 

0 



204 

1 

47r^ 

4 

1 

0 

k 



5 

IGtt^ 

4 

1 

1 


41 

4 

1 

2/37r2 

4 

6 

0 



60 

1 

32/3k 

4 

3 

0 

k 



5 

27r2 

4 

1 

1 

k 

161 

4 

1 

16/37r2 

2 

6 

0 




23 

87r2 

4 

1 

1 

k 



5 

IGtt^ 

4 

1 

1 

k 


10 

1 

8/37r2 

4 

3 

0 

k 


140 

1 

327r2 

4 

1 

0 

k 



2 

47r^ 

4 

1 

1 

k 











5 

87r2 

4 

1 

1 

k 










18 

1 

16/37r^ 

4 

3 

0 

k 











2 

87r2 

4 

1 

1 

k 











5 

IGtt^ 

4 

1 

1 

k 










25 

1 

32/37r2 

4 

3 

0 












2 

IGvr^ 

4 

1 

1 

k 










98 

1 

327r2 

4 

1 

0 

k 










100 

1 

8/37r2 

4 

3 

0 











180 

1 

16/37r2 

4 

3 

0 

k 











5 

IGvr^ 

4 

1 

1 

k 










980 

1 

327r2 

4 

1 

0 

k 










Table Ic: Commensurability classes for degree n = 2 (3 of 3) 


26 





D 

N 

vol 

hind 

1cm 

ZV 

St 

d 

D 

N 

vol 

hind 

1cm 

v 

St 

7 

1 

l/Tvr^ 

4 

14 

0 


148 

2 

1 

I/Gtt^ 

4 

6 

0 

'A' 


13 

Itt^ 

4 

1 

1 




5 

l/27r2 

4 

1 

1 



27 

27r2 

4 

1 

1 

"k 



23 

27r2 

4 

1 

1 

'A' 


223 

IGvr^ 

4 

1 

1 

"k 



31 

8/37r2 

4 

3 

1 

'A' 

8 

1 

l/Gvr^ 

4 

6 

0 

k: 



155 

87r2 

4 

1 

2 

k: 


7 

2/37r2 

4 

3 

1 

k: 



191 

IGtt^ 

4 

1 

1 

k: 

13 

1 

2/77r2 

4 

7 

0 

k: 


5 

1 

2/37r2 

4 

3 

0 

k 


7 

8/77r2 

4 

7 

1 

k: 



2 

Ivr^ 

4 

1 

1 

k 


13 

27r2 

4 

1 

1 

k: 



23 

87r2 

4 

1 

1 

k 


27 


4 

1 

1 

k: 



62 

IGtt^ 

4 

1 

2 

k 


91 

87r2 

4 

1 

2 

k: 


13 

1 

27r2 

4 

1 

0 

k 


189 

IGvr^ 

4 

1 

2 

k: 


17 

1 

8/37r^ 

4 

3 

0 

k 

29 

1 

2/37r2 

4 

3 

0 

k: 



2 

47r^ 

4 

1 

1 

k 


7 

8/37r2 

4 

3 

1 

k: 



5 

87r2 

4 

1 

1 

k 

43 

1 

Itt^ 

4 

2 

0 

k: 


25 

1 

47r^ 

4 

1 

0 

k 


7 


4 

1 

1 

k: 


97 

1 

IGtt^ 

4 

1 

0 

k 

97 

1 

lG/77r^ 

4 

7 

0 

k: 


130 

1 

27r2 

4 

1 

0 

k 


13 

IGvr^ 

4 

1 

1 

k: 


170 

1 

8/37r2 

4 

3 

0 

k 

113 

1 

8/37r2 

4 

3 

0 

k: 


250 

1 

47r^ 

4 

1 

0 

k 

337 

1 

87r2 

4 

1 

0 

k: 


442 

1 

87r2 

4 

1 

0 

k 

673 

1 

IGtt^ 

4 

1 

0 

k: 


850 

1 

IGtt^ 

4 

1 

0 

k 

3 

1 

l/Dvr^ 

4 

18 

0 

k: 


970 

1 

IGtt^ 

4 

1 

0 

k 


8 

l/27r2 

4 

1 

1 

k: 

169 

5 

1 

2/37r2 

4 

3 

0 

k 


17 

Itt^ 

4 

1 

1 

k: 



5 

27r2 

4 

1 

1 

k 


71 


4 

1 

1 

k: 



47 

IGtt^ 

4 

1 

1 

k 

17 

1 

8/97r^ 

4 

9 

0 

k: 


13 

1 

27r2 

4 

1 

0 

k 


3 

IG/Dvr^ 

4 

9 

1 

k: 


125 

1 

8/37r2 

4 

3 

0 

k 


8 


4 

1 

1 

k: 


325 

1 

87r2 

4 

1 

0 

k 


17 

87r2 

4 

1 

1 

k: 

229 

2 

1 

l/37r2 

4 

6 

0 

k 


24 

87r2 

4 

1 

2 

k: 



7 

4/37r^ 

4 

3 

1 

k 


51 

IGvr^ 

4 

1 

2 

k: 



23 

47r^ 

4 

1 

1 

k 

19 

1 

Itt^ 

4 

2 

0 

k: 



31 

16/37r2 

4 

3 

1 

k 


3 

27r2 

4 

1 

1 

k: 



47 

87r2 

4 

1 

1 

k 

37 

1 

27r2 

4 

1 

0 

k: 



161 

IGtt^ 

4 

1 

2 

k 


3 

Itt^ 

4 

1 

1 

k: 


4 

1 

Itt^ 

4 

2 

0 

k 

73 

1 

Itt^ 

4 

1 

0 

k: 



7 

47r^ 

4 

1 

1 

k 


3 

87r2 

4 

1 

1 

k: 



31 

IGtt^ 

4 

1 

1 

k 

969 

1 

87r2 

4 

1 

0 

k: 


7 

1 

27r2 

4 

2 

0 

k 









13 

1 


4 

1 

0 

k 










7 

IGtt^ 

4 

1 

1 

k 









49 

1 

IGtt^ 

4 

1 

0 

k 


Table 2a: Commensurability classes for degree n = 3(1 of 2) 
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d 

D 

N 

vol 

hind 

1cm 

ZV 

St 

d 

D 

N 

vol 

hind 

1cm 

V 

St 

257 

3 

1 

2/37r^ 

4 

6 

0 

ir 

321 

3 

1 

Itt^ 

4 

2 

0 

k: 



5 

27r2 

4 

1 

1 

ir 



3 

27r2 

4 

1 

1 

k: 



7 

8/37r2 

4 

3 

1 

ir 



7 


4 

1 

1 

kc 



35 

Stt^ 

4 

1 

2 

ir 

697 

5 

1 

16/37r2 

4 

3 

0 

kc 



47 

IGvr^ 

4 

1 

1 

ir 


13 

1 

IGtt^ 

4 

1 

0 

kr 


5 

1 

4/37r^ 

4 

3 

0 


837 

2 

1 

00 

CO 

to 

4 

6 

0 

kc 



3 

iM 

CO 

00 

4 

3 

1 

'k 



3 

16/37r^ 

4 

3 

1 

kc 



7 

16/37r^ 

4 

3 

1 

kr 



5 

87r2 

4 

1 

1 

kc 


7 

1 

27r2 

4 

2 

0 

kr 


3 

2 

Stt^ 

4 

1 

1 

kc 



3 


4 

1 

1 

kr 



5 

IGvr^ 

4 

1 

1 

kc 


9 

1 


4 

3 

0 

kr 


4 

1 

Stt^ 

4 

2 

0 

kc 



3 

16/37r^ 

4 

3 

1 

kr 



3 

IGvr^ 

4 

1 

1 

kc 



5 

Stt^ 

4 

1 

1 

kr 


5 

2 

IGtt^ 

4 

1 

1 

kc 



15 

IGvr^ 

4 

1 

2 

kr 


24 

1 

Itt^ 

4 

2 

0 

kc 


25 

1 

Stt^ 

4 

1 

0 

kr 


30 

1 

16/37r2 

4 

3 

0 

kc 



3 

IGvr^ 

4 

1 

1 

k: 


40 

1 

Stt^ 

4 

1 

0 

kc 


49 

1 

IGtt^ 

4 

1 

0 

kr 



3 

IGtt^ 

4 

1 

1 

kc 


105 

1 


4 

1 

0 

kr 


60 

1 

IGtt^ 

4 

1 

0 

kc 


135 

1 

lG/37r2 

4 

3 

0 

kr 


78 

1 

IGtt^ 

4 

1 

0 

kc 


189 

1 

Stt^ 

4 

1 

0 

kr 

1257 

3 

1 

Stt^ 

4 

2 

0 

kc 


315 

1 

IGtt^ 

4 

1 

0 

kr 



3 

IGtt^ 

4 

1 

1 

kc 


375 

1 

IGvr^ 

4 

1 

0 

kr 

1396 

2 

5 

IGtt^ 

4 

1 

1 

kc 

316 

2 

1 

2/37r2 

4 

12 

0 

kr 











2 

Itt^ 

4 

1 

1 

kr 











11 

Itt^ 

4 

1 

1 

kr 











23 

87r2 

4 

1 

1 

kr 











62 

IGvr^ 

4 

1 

2 

k: 










17 

2 

IGtt^ 

4 

1 

1 

k: 










68 

1 

8/37r2 

4 

3 

0 

kr 











11 

IGtt^ 

4 

1 

1 

k: 










Table 2b: Commensurability classes for degree n = 3 (2 of 2) 
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d 

725 


1125 


1957 


D 

N 

vol 

hind 

1cm 


st 

d 

B 

N 

vol 

hind 

1cm 


st 

1 

1 

l/157r^ 

4 

30 

0 


2000 

20 

1 

Ivr^ 

4 

1 

0 



11 

2/57r2 

4 

5 

1 


2304 

18 

1 

Ivr^ 

4 

1 

0 



19 

2/37r2 

4 

3 

1 

'k 

Till 

1 

1 

2/37r2 

4 

6 

0 

lA: 


29 

Ivr^ 

4 

1 

1 

'k 



2 

Itt^ 

4 

1 

1 



31 

16/157r^ 

4 

15 

1 

k: 



11 


4 

1 

1 

lA: 


79 

S/Stt^ 

4 

3 

1 

k: 



23 

87r2 

4 

1 

1 

k: 


209 

47r^ 

4 

1 

2 

k: 



47 

IOtt^ 

4 

1 

1 

k: 


479 

IOtt^ 

4 

1 

1 

k: 



62 

IOtt^ 

4 

1 

2 

k: 


869 

IOtt^ 

4 

1 

2 

k: 


194 

1 

IOtt^ 

4 

1 

0 

k: 


899 

lOvr^ 

4 

1 

2 

k: 

3600 

99 

1 

167r^ 

4 

1 

0 

k: 

275 

1 

47r^ 

4 

1 

0 

k: 

3981 

15 

1 

27r2 

4 

1 

0 

k: 

539 

1 

87r2 

4 

1 

0 

k: 


11 

1 

47r^ 

4 

1 

0 

k: 

1025 

1 

IOtt^ 

4 

1 

0 

k: 

4225 

1 

4 

8/37r2 

4 

3 

1 

k: 

1 

1 

2/157r2 

2 

30 

0 

k: 



9 

16/37r^ 

4 

3 

1 

k: 


5 

2/57r2 

4 

5 

1 

k: 



29 

IOtt^ 

4 

1 

1 

k: 


45 

27r2 

4 

1 

2 

k: 


36 

4 

IOtt^ 

4 

1 

1 

k: 

45 

29 

IOtt^ 

4 

1 

1 

k: 

4352 

1 

2 

27r2 

2 

1 

1 

k: 

80 

1 

27r2 

4 

1 

0 

k: 



7 

16/37r2 

4 

3 

1 

k: 

144 

1 

47r^ 

4 

1 

0 

k: 



14 

87r2 

4 

1 

2 

k: 

155 

1 

47r^ 

4 

1 

0 

k: 



23 

IOtt^ 

4 

1 

1 

k: 

279 

1 

87r2 

4 

1 

0 

k: 


14 

1 

27r2 

4 

1 

0 

k: 

305 

1 

87r2 

4 

1 

0 

k: 



7 

87r2 

4 

1 

1 

k: 

549 

1 

lOvr^ 

4 

1 

0 

k: 


34 

1 

16/37r^ 

2 

3 

0 

k: 

605 

1 

IOtt^ 

4 

1 

0 



98 

1 

IOtt^ 

2 

1 

0 

k: 

1 

1 

I/Stt^ 

4 

6 

0 

k: 

4752 

1 

1 

CO 

to 

2 

12 

0 

k: 


3 

2/37r2 

4 

3 

1 

k: 



3 

8/37r2 

4 

3 

1 

k: 


7 

4/37r^ 

4 

3 

1 

k: 



11 

87r2 

4 

1 

1 



21 

8/37r2 

4 

3 

2 

k: 



33 

IOtt^ 

4 

1 

2 

k: 


23 

47r^ 

4 

1 

1 

k: 


12 

1 

27r2 

4 

1 

0 

k: 


31 

16/37r2 

4 

3 

1 

k: 


39 

1 

87r2 

4 

1 

0 

k: 


47 

87r2 

4 

1 

1 

k: 

4913 

1 

1 

4/37r^ 

4 

6 

0 

k: 


69 

87r2 

4 

1 

2 

k: 

6809 

1 

1 

8/37r2 

4 

6 

0 

k: 


141 

lOvr^ 

4 

1 

2 

k: 



2 

47r^ 

4 

1 

1 

k: 


161 

IOtt^ 

4 

1 

2 

k: 



5 

87r2 

4 

1 

1 

k: 

21 

1 

Itt^ 

4 

2 

0 

k: 



11 

IOtt^ 

4 

1 

1 

k: 


31 

167r^ 

4 

1 

1 

k: 


10 

1 

00 

CO 

to 

4 

3 

0 

k: 

291 

1 

lOvr^ 

4 

1 

0 

k: 



11 

IOtt^ 

4 

1 

1 

k: 


Table 3a: Commensurability classes for degree n = 4(1 of 2) 
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d 

D 

TV 

vol 

hind 

1cm 

z/ 

St 

7056 

1 

3 

16/37r^ 

4 

3 

1 




9 

32/37r2 

4 

3 

2 



12 

1 

47r^ 

4 

1 

0 




3 

87r2 

4 

1 

1 


7625 

20 

1 

87r2 

4 

1 

0 

'k 

8069 

1 

1 

4/37r^ 

4 

6 

0 

k: 



1 

8/37r2 

2 

6 

0 

k: 



5 

87r2 

4 

1 

1 

'k 


35 

1 

IGtt^ 

4 

1 

0 

k: 

9248 

1 

2 

87r2 

4 

4 

1 



4 

1 

4/37r^ 

4 

3 

0 

k: 


26 

1 

IGvr^ 

4 

1 

0 

k: 

9909 

15 

1 

87r2 

4 

1 

0 

k: 

10273 

1 

2 

87r2 

4 

1 

1 

k: 



6 

IGtt^ 

4 

1 

2 

k: 


6 

1 

8/37r2 

4 

6 

0 

k: 


26 

1 

IGtt^ 

4 

1 

0 

k: 

10889 

1 

1 

8/37r2 

4 

6 

0 

k 



2 

87r2 

4 

1 

0 

k 



11 

IGvr^ 

4 

1 

1 

k 


14 

1 

87r2 

4 

2 

0 

k 

13068 

6 

1 

47r^ 

4 

1 

0 

k 

22676 

4 

5 

IGvr^ 

4 

1 

1 

k 


Table 3b: Commensurability classes for degree n = 4 (2 of 2) 
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d 

D 

N 

vol 

hind 

1cm 


St 

24217 

5 

1 

2/37r^ 

4 

3 

0 

3 *: 



23 

87r2 

4 

1 

1 

3 *: 



47 

IOtt^ 

4 

1 

1 

3 *: 


17 

1 

8/37r2 

4 

3 

0 

3 *: 



5 

87r2 

4 

1 

1 

'k 

36497 

3 

1 

2/37r2 

4 

6 

0 

k: 



23 

87r2 

4 

1 

1 

k 



47 

IOtt^ 

4 

1 

1 

k 


13 

1 


4 

1 

0 

k 



3 

00 

to 

4 

1 

1 

k 


25 

1 

00 

to 

4 

1 

0 

k 



3 

IOtt^ 

4 

1 

1 

k 


49 

1 

IOtt^ 

4 

1 

0 

k 

38569 

7 

1 

27r2 

4 

2 

0 

3 *: 


13 

1 

Itt^ 

4 

1 

0 

3 *: 



7 

IOtt^ 

4 

1 

1 

3 *: 


17 

1 

16/37r^ 

4 

3 

0 

3 *: 

81509 

2 

1 

4/37r^ 

4 

6 

0 

3 *: 


9 

2 

IOtt^ 

4 

1 

1 

3 *: 

81589 

2 

1 

4/37r^ 

4 

6 

0 

3 *: 



11 

87r2 

4 

1 

1 

3 *: 


13 

1 

IOtt^ 

4 

1 

0 

3 *: 

89417 

3 

1 

00 

CO 

to 

4 

6 

0 

3 *: 



5 

87r2 

4 

1 

1 

3 *: 



11 

IOtt^ 

4 

1 

1 

3 *: 


5 

1 

16/37r^ 

4 

3 

0 

3 *: 

138917 

4 

1 

00 

to 

4 

2 

0 

k 



3 

IOtt^ 

4 

1 

1 

k 


Table 4: Commensurability classes for degree n = 5(1 ofl) 


d 

D 

N 

vol 

hind 

1cm 

z/ 

St 

966125 

1 

29 

IOtt^ 

4 

1 

1 

3*: 

980125 

1 

29 

IOtt^ 

4 

1 

1 

3*: 

1134389 

1 

1 

4/37r^ 

4 

6 

0 

3*r 



1 

00 

CO 

to 

2 

6 

0 

k 


Table 5: Commensurability classes for degree n = 6(1 ofl) 

Department of Mathematics, University of Michigan, 530 Church Street, Ann Arbor, MI 
48109, USA 

E-mail address : linowitz@umich. edu 

Department oe Mathematics, Temple University, 1805 N. Broad Street, Philadelphia, PA 
19122, USA 

E-mail address : mstoverOtemple . edu 

Department of Mathematics, Dartmouth College, 6188 Kemeny Hall, Hanover, NH 
03755, USA 

E-mail address : jvoightOgmail. com 
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